Chiral Dynamics of Deeply Bound Pionic Atoms by Kolomeitsev, E E et al.








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2corresponding in-medium change of the chiral quark con-
densate < q q > .
To the extent that U represents part of the (energy
independent) s-wave optical potential commonly used in
the phenomenological analysis of pionic atoms, at least
part of the "missing repulsion" is thus given a physical in-




denominator of (3). Of course, rather than constructing
the potential U and following the steps leading to (2,3),
one can directly solve the Klein-Gordon (KG) equation
with the full energy dependence of the polarization oper-
ator (!). This is the procedure systematically applied
in this paper, with proper recognition of gauge invariance
in the presence of the electromagnetic eld.
The KG equation with Coulomb potential V
c
(~r) < 0



















(~r ) = 0 : (4)
The total polarization operator expressed in terms






























where we separate explicitly the phenomenological s-























parameterized as in ref. [6]. Here M stands for the nu-








as our standard set and discuss variations of ReB
0
later.






) we use the traditional
Kisslinger form with inclusion of short-range correlations
and parameters as specied in ref. [4] (set A).
Given the smallness of the isospin-even N scatter-
ing amplitude T
+
(!), double scattering (Pauli-blocking)
corrections in (!) are well known to be important [2].
When those are included the "phenomenological" s-wave









(!) Æ   T
+
e






























rewritten in terms of the local density (r). Taking the













we recover the traditional form of the (energy inde-
pendent) s-wave optical potential [4, 8]. The proton
















. The central density 
0;j
is nor-
malized to the total number of protons and neutrons in
the nucleus. The proton radii, R
p
, are extracted from
the nuclear charge radii following from the analyses of
muonic atoms [19], taking into account the nite pro-














Pb] = 6:67 fm. Since the charge radii have not
been measured for the complete chain of Pb isotopes,
we have interpolated linearly between two neighboring





= 0:48 fm. For the neu-
tron radii we use values from the proton-neutron rms-
radius dierence as obtained in the Brueckner-Hartree-














cal input is close to that in refs. [3, 7].
Solutions of the wave equation (4) for Pb isotopes
with the energy independent (threshold) input (8) for
the pion-nuclear optical potential are shown in Fig. 1 by
open circles. The lled circles in Fig. 1 are the results








in which we keep the explicit energy dependence as given
by the driving terms (1). The energy dependence ef-
fects are evidently important, moving the calculated re-
sults closer to the data. Indeed, with the gauge in-
variant introduction of the electromagnetic interaction
in the pion polarization operator (via the replacement
! ! !   V
c
(r)) the o-shell pion-nucleon scattering am-





increases the repulsion in T
 
(!) and disbalances the can-
celation between the sigma-term 
N









(r)) < 0. Omitting
the replacement ! ! !   V
c
(r) in (!), we would have
! < m

, and this would reduce the repulsion in T
 
(!)
and turn on attraction in T
+
(!), thus leading in the
wrong direction. Taking both the energy dependence and
the proper gauge invariant substitution via (!  V
c
(r))
is therefore an essential ingredient.
After these qualitative considerations we proceed now
to the systematic calculation of the pion polarization op-
erator using in-medium chiral perturbation theory. Here
we extend the results of ref. [16] at the two-loop level by
taking into account the explicit (o-shell) energy depen-














(!) = =  T
 
(!) Æ   T
+
(!)  : (11)








































FIG. 1: Binding energies and widths of deeply bound pionic states in the isotopes
207
Pb (left gure) and
205
Pb (right gure).
Diamonds show the experimental data from [1]. Uncertainties in the extraction of the 1s level for
207
Pb are indicated by
dierent choices of a control parameter R as specied in [1]. The results for the polarization operator (8,9) are depicted by
open and lled circles, respectively. Triangles show the results obtained with the chiral polarization operator (10).
The isospin-even o-shell N -scattering amplitude at
zero pion momentumcan be written in the following form




































































) . The nucleon
axial-vector coupling constant has the value g
A
= 1:27.








second-order low-energy constants c
1;2;3
(for notations
see ref. [21]) are tuned to the empirical values of the
sigma-term [17], 
N





) = 0 .
The parameter  reects freedom in the choice of
the interpolating pion eld in the eective chiral La-
grangian [13, 22]. It enters all interaction vertices with
three and more pions. The one-loop correction to the
(o-shell) pion self-energy in vacuum depends also on
this parameter . By requiring that the residue at the
pion pole remains equal to one [24] as it is implicit in
the form of the KG equation (4), one gets the constraint
 = 0.













































) . The cut-o scale
 = 737MeV ' 8f

is chosen to reproduce the central





) = 1:850:09 fm [18]. We neglect here
small additional counter-term contributions proportional





The next term in (10) corresponds to the important
Ericson-Ericson double scattering correction [2] general-




































refer to the proton and neu-























































































The third term in (10) is a small relativistic correction




















The last term in (11) represents the eect induced by -
interactions with two virtual pions being absorbed on the
































FIG. 2: Dependence of energies and widths of pionic levels for
205
Pb on parameters of the optical potential. Solid lines cor-
respond to the variation of the neutron radius in the interval
ÆR
n
=  0:20:2 fm. Dashed lines show the variation with the
pion nucleon sigma term 
N
(0) = 20 65 MeV. Dotted lines
represent the variation of ReB
0
= ( 0:5 0:5) ImB
0
. Arrows
indicate the directions in which results move as the varied pa-
rameters increase. Triangles and experimental points are the






























) consists of the last four terms
written in eq. (12) of ref. [16]. In the actual calculation
the contribution 
cor
(!) turns out to be negligibly small.
Solutions of the wave equation (4) for 1s and 2p levels
using (10) are shown in Fig. 1 by triangles. They agree
well with experimental data. We also nd that the energy
dependent polarization operator (6,7) gives equally good
results as (10) if the amplitude T
 
(!) in (1) is extended
to include the !
3
term in (12), with the parameter 
tuned to the empirical value of the scattering length.
In Fig. 2 we examine the dependence of our results for
205
Pb on the less constrained parameters of the model.
Variations of the neutron radius R
n
aect mainly the




have a stronger impact on the level width. Note the






In summary, we have demonstrated that the long
standing issue of the "missing repulsion" in the s-wave
pion nucleus potential can be naturally resolved by tak-
ing into account the explicit energy dependence of the
pion self-energy and the gauge invariant incorporation
of electromagnetic interactions. The experimental data
for 1s and 2p levels in Pb isotopes are well reproduced.
We have also claried that, to leading order, the energy
dependence eects can be interpreted in terms of the in-
medium reduction of the pion decay constant, or equiv-
alently, the renormalization of the intrinsic pion wave
function in matter.
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